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Abstract
Stochastic fluid dynamics governs the long time tails of hydrodynamic correlation functions,
and the critical slowing down of relaxation phenomena in the vicinity of a critical point in the
phase diagram. In this work we study the role of multiplicative noise in stochastic fluid dynamics.
Multiplicative noise arises from the dependence of transport coefficients, such as the diffusion
constants for charge and momentum, on fluctuating hydrodynamic variables. We study long time
tails and relaxation in the diffusion of a conserved density (model B), and a conserved density
coupled to the transverse momentum density (model H). Careful attention is paid to fluctuation-
dissipation relations. We observe that multiplicative noise contributes at the same order as non-
linear interactions in model B, but is a higher order correction to the relaxation of a scalar density
and the tail of the stress tensor correlation function in model H.
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I. INTRODUCTION
There is a very successful description of heavy ion collisions at the Relativistic Heavy Ion
Collider (RHIC) and the Large Hadron Collider (LHC) based on relativistic fluid dynamics
[1–3]. Up-to-date models include higher order gradient corrections to the relativistic Navier-
Stokes theory, kinetic theory afterburners, and initial state models that account for event-
by-event fluctuations.
Recently, a number of authors have reexamined the role of fluctuations in relativistic and
non-relativistic fluid dynamics [4–16]. Fluctuations arise from the fact that fluid dynamics
is a coarse-grained description, and that the macroscopic variables arise from averaging over
unresolved degrees of freedom at some resolution scale l. In approximate local thermal
equilibrium these microscopic degrees of freedom exhibit thermal fluctuations that scale as
l−d/2, where the d is the number of spatial dimensions. As the resolution scale becomes
finer, the relative importance of fluctuations becomes larger. Fluid dynamics is a non-linear
theory, and the couplings between hydrodynamic modes lead to novel effects that go beyond
Gaussian noise in the macroscopic variables. A well-known example is the emergence of
hydrodynamic ”tails”, non-analytic terms in the frequency or time-dependence of correlation
functions.
In this paper we will address a specific aspect of hydrodynamic fluctuations, the role of
non-linear or “multiplicative” noise. Non-linear noise terms arise naturally in applications
of fluid dynamics to relativistic heavy ion collisions. Fluctuation-dissipation relations imply
that the strength of noise terms is governed by dissipative coefficients, such as diffusion
constants and viscosities. These coefficients are themselves functions of fluctuating hydro-
dynamic variables, such as the entropy and baryon density of the fluid. As a consequence,
noise terms are necessarily non-linear.
There are a number of questions that immediately arise. The first is how multiplicative
noise fits into the power counting governed by the low energy (gradient) expansion. Naively,
non-linear terms in the noise are not suppressed by extra gradients, so they might modify
leading order predictions for the non-analyticities in correlation functions, or for the scaling
behavior in the vicinity of a critical point. A second problem is to determine the precise
form of the fluctuation-dissipation (FD) relation in the presence of multiplicative noise.
This problem has been studied in the past [17], but the FD relations have not been checked
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in specific hydrodynamics theories of multiplicative noise. We also note that there is a
substantial body of literature on stochastic equations with multiplicative noise [18–23].
In this work we focus on the effect of multiplicative noise on the low energy expansion of
hydrodynamic correlation functions. This paper is structured as follows: In Section II we
introduce a model of non-linear diffusion with multiplicative noise. In Section III we formu-
late and check the FD relation, and compute corrections to the two-point function of the
conserved density. In Section IV-VI we extend this analysis to a model of a conserved den-
sity interacting with transverse shear waves (model H in the classification of Hohenberg and
Halperin [24]). We compute both the density and momentum density correlation functions,
related to the relaxation rate and the renormalization of the shear viscosity.
II. DIFFUSION
In this Section we study the diffusion of a conserved density ψ(x, t). The diffusion equa-
tion is given by
∂tψ(x, t) = ~∇
{
κ(ψ) ~∇
(
δF [ψ]
δψ
)}
+ θ(x, t) , (1)
where κ(ψ) is a density dependent conductivity, F [ψ] is a free energy functional, and θ(x, t)
is a noise term. Equ. (1) is the diffusion equation of model B, modified by a field dependent
conductivity κ(ψ). In the following we will write
κ(ψ) = κ0 (1 + λDψ) , (2)
and we will use a free energy functional of the form
F [ψ] =
∫
d3x
{
1
2
(~∇ψ)2 + r
2
ψ(x, t)2 +
λ
3!
ψ(x, t)3 + h(x, t)ψ(x, t)
}
, (3)
where h(x, t) is an external field. Higher order terms in κ(ψ) and F [ψ] can be taken into
account, but do not change our conclusions. The noise term θ(x, t) is Gaussian, with a
distribution
P [θ] ∼ exp
(
−1
4
∫
d3x dt θ(x, t)L(ψ)−1θ(x, t)
)
, (4)
where L is a noise kernel that we will specify below. Correlation functions of this theory are
computed from solutions of the diffusion equation, averaged over the noise distribution in
equ. (4). Martin, Siggia, Rose, as well as Janssen and de Dominicis (MSRJD), showed how
to write this noise average in terms of a stochastic field theory [25–27]. This theory contains
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the hydrodynamic variable ψ(x, t) as well as an auxiliary field ψ˜(x, t). The partition function
is
Z =
∫
DψDψ˜ exp
(
−
∫
d3x dtL(ψ, ψ˜)
)
. (5)
The effective Lagrangian of this theory is
L(ψ, ψ˜) = ψ˜ (∂t −D0∇2)ψ − D0λ′
2
(
∇2ψ˜
)
ψ2 − ψ˜L(ψ)ψ˜ , (6)
where we have defined the diffusion constant D0 = rκ0 and λ
′ = λ/r+λD. We have dropped
an O(∇4) term in the quadratic part of the Lagrangian, which is important in the vicinity
of a critical point when r → 0. Note that in deriving this Lagrangian we have dropped
a Jacobian that can be written in terms of a set of ghost fields. As explained in [10, 28]
ghost loops cancel pure vacuum diagrams that arise in the perturbative expansion. In the
following we do not explicitly write down ghost propagators and vertices, and simply drop
pure vacuum diagrams.
An important observation is that for a suitable choice of the noise kernel L(ψ) the effective
Lagrangian enjoys a time reversal symmetry [29, 30]. In the following we will choose
L(ψ) = ~∇ [kBTκ(ψ)] ~∇ . (7)
We will also employ units such that kBT = 1. We define the T -reversal of the stochastic
fields as
T ψ(t) = ψ(−t), (8)
T ψ˜(t) = −
(
ψ˜(−t)− δF [ψ(−t), ψ˜(−t)]
δψ(−t)
)
. (9)
Under T the Lagrangian transforms as
T L(ψ(t), ψ˜(t)) = L(ψ(−t), ψ˜(−t))− d
dt
F [ψ(−t), ψ˜(−t)] . (10)
The total derivative term implies the detailed balance condition
exp (− [S(T1, T2)− S(−T1,−T2)]) = exp (−∆F) , (11)
where
S(T1, T2) =
∫ T2
T1
dt d3xL(ψ, ψ˜) , (12)
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and ∆F = F [ψ(T2), ψ˜(T2)] − F [ψ(T1), ψ˜(T1)]. The T invariance of the MSRJD effective
action was first studied in [30], for the case of a density-independent diffusion constant. We
have verified that the symmetry continues to hold in the density dependent case, provided
we use the symmetric noise kernel in equ. (7).
Time reversal invariance can be used to derive fluctuation-dissipation relations. For this
purpose we define the response function as the derivative of 〈ψ(t)〉h with respect to the
external field in equ. (3). The response function is given by
GR(x, t;x
′, t′) =
δ〈ψ(x, t)〉
δh(x′, t′)
∣∣∣∣
h=0
. (13)
Following the method described in [28, 30] we can show that the response function is related
to the correlation function〈
ψ(x1, t1)
[
~∇κ(ψ)~∇ψ˜
]
(x2, t2)
〉
= Θ(t2 − t1)
〈
ψ(x1, t1)ψ˙(x2, t2)
〉
. (14)
This relation generalizes to higher order n-point functions. The response of the (n − 1)-
point function is related to time-ordered n-point function. In momentum space equ. (14) is
equivalent to
2 Im
{
k2
〈
ψ(ω, k)[κ(ψ)ψ˜](−ω,−k)
〉}
= ω 〈ψ(ω, k)ψ(−ω,−k)〉 . (15)
This is the standard FD relation in the case κ(ψ) = κ0, but for a field dependent diffusion
constant the left hand side of equ. (15) includes the vertex function of the composite operator
[κ(ψ)ψ˜].
III. RESPONSE AND CORRELATION FUNCTIONS
In this Section we will compute the response and correlation functions of the purely
diffusive theory at leading order in low frequency, low momentum expansion. For this
purpose we split the effective Lagrangian into a quadratic and an interaction part. The
quadratic part of the action generates a matrix propagator in the (ψ, ψ˜) basis. The off-
diagonal matrix elements are retarded/advanced functions
G0(ω, k) = 〈ψ˜ψ〉ω,k = 〈ψψ˜〉−ω,k = 1−iω +D0k2 , (16)
and the diagonal components are the correlation function
C0(ω, k) = 〈ψψ〉ω,k = 2κ0k
2
ω2 + (D0k2)2
, (17)
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FIG. 1: Feynman rules of the diffusive field theory (model B). The vertex denoted by the solid
circle is a non-linear interaction term, and the vertex denoted by a solid square is a new interaction
generated by the field dependence of the diffusion constant.
as well as 〈ψ˜ψ˜〉ω,k = 0. The interaction term is
Lint = −D0λ
′
2
(
∇2ψ˜
)
ψ2 − D0λD
r
(
~∇ψ˜
)2
ψ , (18)
and the corresponding vertices are shown in Fig. 1, where we have set r = 1. We observe
that both interaction terms involve two derivatives, and we expect the non-linear interaction
and the field dependent diffusion constant to contribute at the same order in the low energy
expansion. However, the field dependent diffusion constant leads to a new type of vertex
not present in the standard MSRJD effective action. This type of vertex was previously
obtained in [14], based on diffeomorphism invariance of the effective action on the Keldysh
contour.
One-loop corrections to the retarded and symmetric correlation are shown in Fig. 2.
Diagrams (a,b) are self energy corrections to the retarded correlation functions. The self
energy modifies the retarded function as
G(ω, k) =
1
−iω +D0k2 + Σ(ω, k) . (19)
At one-loop order, we find
Σ(ω, k) =
λ′
32pi
(
iλ′ωk2 + λD
[
iω −D0k2
]
k2
)√
k2 − 2iω
D0
. (20)
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FIG. 2: One-loop contributions to the response function (a)-(c) and the correlation function (d)-(e)
in model B. Diagram (a) contains only the non-linear interaction, whereas diagram (b) also depends
a new vertex generated by the field dependent diffusion constant. Diagram (c) is a new type of
diagram that contains the composite operator λD[ψ~∇ψ˜]. Diagrams (d,e) are the corresponding
corrections to the correlation function.
Here, we have regularized the loop integral and dropped cutoff-dependent terms that can
be absorbed into the bare diffusion constant. The result in equ. (20) shows that λD indeed
contributes at the same order as ordinary non-linear interactions. We note, however, that
the functional form of the correction is different, so that it is possible to disentangle the
corrections from λ′ and λD. Finally, we note that in the limit k2 → 0 the coefficient of
the self energy is shifted λ′2 → λ′(λ′ + λD), indicating that the density dependence of D0
corrects the long-time tail of the response function by an overall factor (1 + λD/λ
′).
Diagrams (d,e) provide corrections to the correlation function, which is modified as
C(ω, k) =
2D0k
2 + δD(ω, k)
(−iω +D0k2 + Σ(ω, k)) (iω +D0k2 + Σ(−ω, k)) , (21)
where
δD(ω, k) =
D0λ
′
16pi
(λ′ + 2λD) k4 Re
√
k2 − 2iω
D0
. (22)
Diagram (c) shows the one-loop contribution with one insertion of the composite operator
λD[ψ~∇ψ˜]. We define the corresponding vertex function by
ΓD(ω, k) ≡ (−iω +D0k2)
〈
D0λD[ψ~∇ψ˜]~∇ψ
〉
ω,k
(23)
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and get
ΓD(ω, k) =
D0λ
′λD
32pi
k4
√
k2 − 2iω
D0
. (24)
We can now verify the fluctuation-dissipation relation. In terms of the Green and vertex
functions defined in this Section the FD relation in equ. (15) becomes
2 Im
{
G(ω, k)
[
D0k
2 + ΓD(ω, k)
]}
= ωC(ω, k) . (25)
Using equ. (19-24) we observe that this relation is indeed satisfied. In the limit λD = 0
(no multiplicative noise) equ. (25) reduces to the well known relation between the retarded
function and the correlation function. However, in the presence of multiplicative noise the
contribution of the vertex function ΓD is essential in satisfying the FD relation.
IV. SHEAR MODES AND MODEL H
In this Section we will extend our result to a conserved density ψ that is advected by the
momentum density ~pi of a fluid. This theory is known as model H [24], and describes the
critical behavior of a fluid near the liquid-gas endpoint. In the following we will assume that
the fluid is approximately incompressible, ∇kpik ' 0. This implies that we are only taking
into account the coupling to shear modes, neglecting the role of sound. This approximation is
sufficient to capture the critical dynamics in model H, and to compute the shear contribution
to hydrodynamic tails.
In the presence of a conserved momentum density the diffusion equation contains a new
coupling, ∂tψ(x, t) ∼ w−1pik∇kψ(x, t), where w is the enthalpy density of the fluid. In order
to obtain the correct equilibrium distribution in the presence of this coupling it is important
to note that this interaction derives from a Poisson bracket [31]
∂tψ(x, t) = . . .−
∫
d3x′ {ψ(x, t), pik(x′, t} δF [ψ, pil]
δpik
= . . .− 1
w
pik∇kψ(x, t) , (26)
where . . . denotes the right hand side of equ. (1) and the free energy density is
F [ψ, pik] = F [ψ] +
∫
d3x
{
1
2w
~pi2 + pikAk
}
, (27)
where F [ψ] is defined in equ. (3) and Ak is an external field coupled to the momentum
density. Note that in a fully covariant formalism Ak corresponds to the g0k components of
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FIG. 3: Feynman rules for model H, describing the interaction of the transverse momentum density
pik with a scalar density ψ. The vertex denoted by the solid circle is a non-linear interaction term,
and the vertex denoted by a solid square is a new interaction generated by the field dependence of
the diffusion constant. Note: Pabij = δabδij .
the metric tensor. The equation of motion for the momentum density is
∂tpii(x, t) = ~∇
{
η(ψ) ~∇
(
δF [ψ, pik]
δpii
)}
+
δF [ψ, pik]
δψ
∇iψ − δF [ψ, pil]
δpik
∇kpii + ξi(x, t) , (28)
where we have neglected terms proportional to ∇kpik and ξi is a stochastic force. The
stochastic force has a Gaussian probability distribution
P [ξi] ∼ exp
(
−1
4
∫
d3x dt ξi(x, t)
[
M(ψ)−1
]
ij
ξj(x, t)
)
(29)
with
Mij(ψ) = δij ~∇η(ψ)~∇ . (30)
The noise kernel can be generalized for compressible fluids. In the following we will only use
that M is symmetric. As before we will take the dependence on ψ to be linear
η(ψ) = η0 (1 + ληψ) . (31)
The two Poisson bracket terms in equ. (28) can be written as
∂tpii(x, t) = . . .−
(∇2ψ)∇iψ − 1
w
pik∇kpii . (32)
The quadratic part of the effective Lagrangian for the momentum density is
L(pii, p˜ii) = p˜ii
(
∂t − γ0∇2
)
pii − p˜iiM(ψ)ijp˜ij , (33)
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where γ0 = η0/w, and the fields are understood to satisfy ∇kpik = 0. The interaction term
is
LI = 1
w
ψ˜pik∇kψ + p˜ik
(∇2ψ)∇kψ + 1
w
p˜iipik∇kpii , (34)
where the first term corresponds to advection of ψ by pik, the second term is a higher order
correction that describes the coupling of pik to ∇kψ, and the third term is the advection of
pik by the momentum itself. Multiplicative noise generates a noise vertex
Ln = γ0ληψ
{
1
w
(∇ip˜ik) (∇ipik)− (∇ip˜ik) (∇ip˜ik)
}
. (35)
As in the case of model B, this effective Lagrangian is invariant under time reversal. The T
transformation of the momentum density is
T pik(t) = −pik(−t), (36)
T p˜ik(t) = +
(
p˜ik(−t)− δF [ψ, pii]
δpik
∣∣∣∣
T [ψ,pi]
)
. (37)
We note that the intrinsic T -parity of pik is negative. As before, the Lagrangian is invariant
up to a total time derivative of the free energy density. In order to show the invariance of
the Lagrangian we have to use three ingredients: 1) The dissipative matrix M is symmetric,
2) the mode coupling matrix is anti-symmetric, and 3) the mode coupling matrix is T -
odd. The last two ingredients follow from the properties of Poisson brackets. Time reversal
invariance can again be used to derive a fluctuation-dissipation relation. The new ingredient
in the presence of mode couplings is a new response vertex induced by the Poisson bracket
terms. Consider the variational derivative in equ. (13) acting on the Poisson bracket term in
equ. (28). This variation induces a new composite operator X = p˜ik∇kψ. The FD relation
for the density-density correlation function is given by
2 Im
{
G(ω, k)
[
D0k
2 + ΓD(ω, k) + ΓX(ω, k)
]}
= ωC(ω, k) , (38)
where the vertex function ΓX is defined by
ΓX(ω, k) =
(−iω +D0k2) 〈ψX〉ω,k . (39)
V. ADVECTION OF THE SCALAR DENSITY
In this Section we consider corrections to the density response induced by the coupling
to the momentum density. These terms are of interest for two reasons: 1) As we will see,
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FIG. 4: Contributions to the density response and density correlation that arise from the coupling
to the momentum density. Fig. (a) and (b) show the retarded function and correlation function
at leading order in the advective couplings. Fig. (c) shows the vertex function for the composite
operator X that appears in the FD relation.
the coupling to pik generates the leading hydrodynamic tail in the density response, and 2)
in a critical fluid the order parameter relaxation rate is dominated by the coupling to the
momentum density (the corresponding momentum dependent relaxation rate is known as
the Kawasaki function [32]).
Feynman diagrams for the leading order corrections to the response and correlation func-
tions are shown in Fig. 4. The retarded functions for the momentum density is given by
Gijpi,0(ω, k) = 〈p˜iipij〉ω,k =
P ij⊥ (k)
−iω + γ0k2 , P
ij
⊥ (k) = δ
ij − kˆikˆj , (40)
where P ij⊥ (k) is a transverse projection operator and kˆ = ~k/|~k| is a unit momentum vector.
The correlation function is
Cijpi,0(ω, k) = 〈piipij〉ω,k =
2γ0wk
2P ij⊥ (k)
ω2 + (γ0k2)2
(41)
and the interaction vertices are summarized in Fig. 3. Fig. 4(a) corresponds to a self energy
term. We get
Σ(ω, k) =
1
6pi
k2
w(γ0 +D0)
√
−iω
γ0 +D0
, (42)
where, for simplicity, we have expanded the result to leading order in k2 for ω 6= 0. We can
reinstate the temperature by replacing w → w/T . Note that this result is more important,
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in the sense of the gradient expansion, than the contribution from non-linear interactions
and multiplicative noise, see equ. (20). Equ. (42) determines the leading hydrodynamic
tail in the density response, and it has been computed many times in the literature, see
[4, 6, 10, 13]. The fact that equ. (42) is lower order in k2 compared to equ. (20) can be
traced to the fact that mode coupling vertices are O(k), whereas the non-linear interaction
and noise vertices are O(k2).
The one-loop correction to the correlation function is shown in Fig. 4(b). This diagram
can be viewed as a contribution to δD in equ. (21). We find
δD(ω, k) =
1
3pi
k2
w(γ0 +D0)
Re
√
−iω
γ0 +D0
. (43)
Equ. (42) and (43) do not satisfy naive FD relation. Instead, we have to include the contri-
bution of the vertex function ΓX , given by
ΓX(ω, k) =
1
6pi
k2
w(γ0 +D0)
√
−iω
γ0 +D0
. (44)
We can now verify that the extended FD relation (38) is satisfied. We also note that Figs. 2
and 4 comprise the full set of one-loop corrections to the density response in the presence
of advection and multiplicative noise. We note, in particular that multiplicative noise does
not modify the leading order result in equ. (42). This means that it does not modify the
Kawasaki function, which is the self energy Σ(ω, k) in the limit ω → 0 and r → 0. The
Kawasaki function governs the dynamical critical exponent z ' 3 of model H [24, 33].
VI. RENORMALIZATION OF THE SHEAR VISCOSITY
In this Section we study the response function of the transverse momentum density.
At tree level, this response is controlled by the momentum diffusion constant γ0 = η/w.
The leading correction to the response arises from the diagram in Fig. 5(a). This di-
agram corresponds to a self energy term. We define the transverse self energy ΣT by
Σij = ΣTP
ij
⊥ (k) + ΣLkˆ
ikˆj and find
ΣT (ω, k) =
7
120pi
k2
wγ0
√
−iω
2γ0
, (45)
where we have expanded the result to leading order in k2 for ω 6= 0, and we can reinstate
the temperature by replacing w → w/T . As before, we do not explicitly write a frequency
12
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(g)
FIG. 5: One-loop contributions to the response and correlation function in model H. Diagrams (a)
and (b) contain the mode coupling interaction, diagram (c) is the vertex function that appears in
the FD relation, and diagrams (d)-(g) are induced by multiplicative noise.
independent term that is linearly divergent in the cutoff Λ. This contribution can be viewed
as a term that combines with the bare momentum diffusion constant to provide the physical
diffusivity. Equ. (45) determines the leading hydrodynamic tail in the stress tensor corre-
lation function in a theory with only shear modes. The numerical coefficient in equ. (45)
agrees with the result in [8, 11–13]. Fig. 5(b) shows the corresponding contribution to the
correlation function. In analogy with equ. (21) we define a correction δγ to the numerator
of the correlation function. We obtain
δγT (ω, k) =
7
60pi
k2
wγ0
Re
√
−iω
2γ0
. (46)
In order to satisfy the FD relation we have to include a new vertex function ΓY , where the
composite operator Y is given by Yk = p˜ii∇kpii − p˜ii∇ipik. The structure of Yk follows from
the symmetry of the Poisson bracket {pii, pik}. The vertex function ΓY is defined by
ΓY,T (ω, k) =
(−iω + γ0k2)P⊥jk(k) 〈pijYk〉ω,k (47)
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Computing the diagram in Fig. 5(c) we obtain
ΓY,T (ω, k) =
7
120pi
k2
wγ0
√
−iω
2γ0
. (48)
This result satisfies the FD relation
2 Im
{
GT (ω, k)
[
γ0wk
2 + ΓY,T (ω, k)
]}
= ωCT (ω, k) , (49)
where GT and CT denote the transverse retarded function and correlation function, respec-
tively. We note that there is a higher order correction to equ. (45,46) that arises from the
O(∇2) mode coupling to ψ in equ. (34). We do not study this term here.
Fig. 5(d) shows the leading correction to the transverse self energy due to multiplicative
noise. Fig. 5(e,f,g) are the corresponding corrections to the correlation and vertex function.
The self energy is
ΣT (ω, k) =
(γ0λη)
2
15piw
k2
( −iω
γ0 +D0
)3/2
. (50)
Here, we have expanded ΣT (ω, k) to leading order in k
2 for ω 6= 0. We have also dropped
cutoff dependent terms that renormalize the transport coefficients. We observe that mul-
tiplicative noise modifies the low frequency behavior of the shear viscosity, but that this
correction is subleading compared to equ. (45). It is known that in model H the critical
enhancement of the shear viscosity is very weak [33]. Our results indicate that this result is
not modified by multiplicative noise.
VII. CONCLUSIONS AND OUTLOOK
In this work we studied the role of multiplicative noise in the theory of a conserved
density coupled to the transverse momentum density of a fluid. This theory governs the
critical behavior of both ordinary fluids [24] and the quark gluon plasma [34] in the vicinity
of a possible critical end point. In this context we can think of ψ as the entropy per particle
of the fluid. Multiplicative noise arises from the dependence of the thermal conductivity
and shear viscosity on ψ.
Multiplicative noise is consistent with suitably generalized fluctuation-dissipation rela-
tions. It also fits into the standard long time, large wavelength, expansion of hydrodynamic
correlation functions. We find that multiplicative noise contributes to the long-time tails of
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the density and momentum density correlation functions. In model B, without the coupling
to the momentum density, this contribution is leading order. In model H the multiplicative
noise contribution to the tails is subleading compared to the contributions induced by mode
couplings. At leading order in k multiplicative noise does not modify the Kawasaki func-
tion, which governs the order parameter relaxation rate in model H [24], or the self energy of
transverse momentum modes, which determines the renormalization of the shear viscosity.
In the present work we have used diagrammatic methods to study correlation functions in
a fluid at rest, or in the local restframe of a slowly evolving background flow. These results
are applicable to both relativistic and non-relativistic systems. We have not addressed
the issue of writing the effective action in a manifestly covariant way [35], or investigated
correlation functions in an evolving background [12, 16]. We have also not studied the
coupling to sound modes, and the renormalization of the bulk viscosity in a non-conformal
fluid [6, 36–38]. Finally, it would be interesting to study multiplicative noise in numerical
simulations of stochastic diffusion in an expanding fluid [39].
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